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We consider an experiment in which quantum tomography data is collected before and after an
entangling measurement performed on two independently prepared, maximally-mixed ensembles.
We show that each sub-ensemble that is, as expected, entangled after the measurement is also
entangled before it. We call the latter pre-entanglement. If individual systems possessed quantum
states, their independent preparations would mean the sub-ensembles were in separable states prior
to the entanglement event. The contradiction can be resolved by assigning states only to ensembles
and not individual quantum systems. Pre-entanglement found here at the quantum level makes
very doubtful the assumption of preparation independence at the ontic level required for a recent
theorem.
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There is a general category of interpretations of quan-
tum mechanics, associated in one way or another with
Einstein [1], Pearle [2], Park [3], Ballentine [4, 5] and
others [6], in which a quantum state ψ is a property
of an ensemble and individual systems are not assigned
quantum states. We will refer to the above category
of interpretation as the ensemble-system interpretation
(ESI). The more orthodox interpretation is that individ-
ual quantum systems may be assigned states; we refer to
this as the quantum-system interpretation (QSI). It fol-
lows that according to the ESI, there are no proper mix-
tures in quantum mechanics. In a proper mixture [7] one
knows (perhaps from the way the ensemble was prepared)
that a certain set of states ψi appears with probability pi
among the constituents as a whole (although one may be
ignorant of which constituent of the ensemble has which
state). In an improper mixture, the constituents can-
not be assigned their own states on any grounds. The
most familiar example of improper mixtures are each of
the subsystems in a set of singlet states. Our aim is to
show that the assumption that there are proper mixtures
of quantum states leads to a contradiction and thereby
prove that (some version of) ESI is the only viable inter-
pretation of quantum mechanics.
To demonstrate our result, we consider ensembles of
qubits (the simplest quantum system is sufficient) and as-
sume (it will turn out wrongly) a quantum state ψ can be
identified with each qubit that is prepared. Then if two
mixtures of qubits are paired off, each pair is in a product
state and any ensemble (or sub-ensemble) formed from
them must be separable (a separable state is defined to
be one which is not entangled). The contradiction arises
because we show that one can identify and measure a
sub-ensemble in an entangled state within the apparently
separable ensemble formed by pairing-off two apparently
proper ensembles of maximally-mixed qubits.
There are two reasons that hint that this may be pos-
sible. Firstly, it is known from delayed-choice entan-
glement swapping (D-CES) experiments [8–10] that one
can identify entangled sub-ensembles formed from pair-
ing two improper ensembles of qubits (i.e. qubits whose
state is the reduced density operator of an entangled
state). Since there is no discretionary experimental con-
trol of the preparation, it does not decide anything di-
rectly about the ESI versus QSI question. Secondly, it
is possible that an ensemble composed of a proper mix-
ture of entangled pairs is in a separable state overall.
Timpson and Brown [11] have coined the term improper
separability for those cases.
Specifically, we show that one or more of the following
statements is incorrect. The statements are sufficient for
our purposes but some of them are not necessary and
could be relaxed.
[1.] Preparation of a pure state. A quantum system
can be prepared in a pure state by measuring an observ-
able with non-degenerate eigenvalues oi and correspond-
ing eigenstates |ψi〉. When oi is recorded by a classical
system as being the result of the measurement, the qubit
has been prepared in the state |ψi〉.
[2.] Persistence of a quantum state. A quantum sys-
tem prepared in a known state |ψi〉 continues to be in
that state no matter which ensemble the qubit is assigned
to (if Uˆ is the time-evolution operator over the relevant
period we are, of course, assuming Uˆ |ψi〉 = |ψi〉 for all i).
[3.] Ensemble formation. Alice can prepare the states
|ψm〉, m = 1, . . .M as in [1.] and keep a record of the
states that are prepared by listing the run number i and
the eigenvalue for each preparation. If Alice prepares a
series of N qubits in states |ψm1 , 〉, |ψm2 , 〉, . . . , |ψmi〉, . . .,
i = 1, N , the series forms an ensemble of pure states with
the ensemble state
σˆA =
1
N
N∑
i=1
|ψmi〉〈ψmi |. (1)
Bob can prepare the states |φm〉, m = 1,M as in [1.]
and keep a record similar to Alice’s. Let us assume Bob
prepares the series |φm1 , 〉, |φm2 , 〉, . . . , |φmi〉, . . ., i = 1, N
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2with the ensemble state
σˆB =
1
N
N∑
i=1
|φmi〉〈φmi |. (2)
Then one can form an ensemble of pairs of qubits with
the state
ρˆAB =
1
N2
N∑
i=1
|ψmi〉〈ψmi | ⊗ |φmi〉〈φmi |. (3)
The ensemble is a proper mixture because its members
are identifiable by the records of run numbers and eigen-
values. It is separable because the partial transpose of ρˆ
is the state itself and therefore has positive eigenvalues
[12]. An ensemble formed in the above way will be called
a proper, separable ensemble.
[4.] Sub-ensemble formation. (a) By choosing a subset
of runs of an experiment i ∈ {η} based on experimen-
tally reproducible criteria, one can form a systematically-
selected sub-ensemble.
(b) If this procedure is applied to the labelled qubits
that Alice and Bob have prepared, the state of the sub-
ensemble is
ρˆ{η} =
1
N2η
∑
i∈{η}
|ψmi〉〈ψmi | ⊗ |φmi〉〈φmi | (4)
where Nη is the number of members of the set {η}. All
sub-ensembles formed in that way from Alice’s and Bob’s
qubits are proper, separable ensembles.
[5.] Quantum tomography. The state of a sub-ensemble
of pairs of qubits with i ∈ {η} can be determined by
quantum tomography (QT) [13]. The quantities needed
for QT can be calculated from the procedures of standard
quantum mechanics.
In [4.] the requirement “experimentally reproducible
criteria” for a “systematically-selected sub-ensemble”
means that if the whole experiment is repeated many
times, one can identify a sub-ensemble in the same state
in the same way each time. A randomly chosen sub-
ensemble may appear to possess its own “state” but if
that differs from the ensemble from which it is chosen, it
is due merely to a statistical fluctuation entirely consis-
tent with the sub-ensemble having the same state as the
ensemble as a whole.
As shown in Fig. 1, in each run i of the experiment,
Alice chooses at random but with equal probability to
prepare a qubit in one of the orthogonal states |ψ1〉 or
|ψ2〉. Bob does the same for the orthogonal states |φ1〉 or
|φ2〉 independently of (e.g. at space-like separation from)
Alice. The states of Alice’s and Bob’s ensembles are re-
spectively
σˆA = σˆB = Iˆ/2 (5)
where Iˆ is the identity operator in a two-dimensional
Hilbert space. Alice at PA and Bob at PB subject each
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FIG. 1: Runs i = 1 to i = 14 of a much longer series of runs
of the experiment are shown. In each run, Alice chooses at
random but with equal probability to prepare qubits in one
of the orthogonal states |ψ1〉 or |ψ2〉. Bob does the same for
the orthogonal states |φ1〉 or |φ2〉. Each qubit is subject to a
quantum tomography measurement PA and PB respectively
and then the qubits are entangled at Q. After the entangling
measurement Q, each emerging qubit is subject to another
quantum tomography measurement RC or RD respectively.
The runs i ∈ {Φ+} for which |Φ+〉 is obtained at Q are noted
and a state is constructed from the PA and PB tomography
data, and also from the RC and RD tomography data, for
those runs. The state constructed from PA and PB prior to
the entangling measurement at Q is the same as the state
constructed from RC and RD after Q.
of their respective qubits to one projective measurement
suitable for quantum tomography (QT) [13] chosen in-
dependently and randomly. They each record the run
number i and the result and pass their qubit to the
next stage irrespective of the outcome. Next, an entan-
gling measurement of the observable Q with the entan-
gled eigenstates |Φn〉 , n = 1, 4 (e.g. the Bell states [14])
is performed on each pair i. Finally, independent QT
measurements RC and RD are performed on each qubit
emerging from the Q measurement and the run number
and result is recorded.
For convenience, we will consider the runs i ∈ {Φ+}
for which the Q measurement outcome is the Bell state
|Φ+〉 = 1√
2
(|0〉C |0〉D + |1〉C |1〉D). The runs i ∈ {Φ+}
form a systematically-selected sub-ensemble of qubits
prepared by Alice and Bob which according to steps [1.]
to [4.] has the state
ρˆ{Φ+} =
1
N2Φ+
∑
i∈{η}
|ψmi〉〈ψmi | ⊗ |φmi〉〈φmi | (6)
which is a proper, separable ensemble.
The state of a sub-ensemble of pairs can be constructed
[13] from the experimental QT data recorded at the mea-
surements PA and PB or from the data at RC and RD.
The data to construct the state of a sub-ensemble of
pairs of runs i ∈ {E} consists of joint probabilities like
PE [j
±
A&k
±
B ] where PE [i
±
A] is the probability that the out-
come of the measurement on Alice’s qubit of an observ-
able σˆi is the eigenvalue i
±, where σˆi |i±〉 = ± |i±〉. If τˆE
3is the state of the sub-ensemble
PE [j
±
A&k
±
B ] = Tr(τˆE(Pˆj±A
⊗ Pˆk±B )) (7)
where Pˆi±A
= |i±〉AA 〈i±|. The unknown state τˆE can be
constructed from a full set of QT measurements of the
probabilities PE [j
±
A&k
±
B ].
In the absence of experimental data, we can calculate
the required results by applying standard quantum me-
chanics and hence anticipate the data that would be ob-
tained in an experiment. This was the procedure first
applied [8] in D-CES and later confirmed in the labora-
tory (e.g. Ref. [9, 10]). Because the initial states are
maximally mixed, the state for the whole ensemble con-
tinues to be Iˆ/2 ⊗ Iˆ/2 after each stage of the experi-
ment (PA/PB , Q, RC/RD). For the RC/RD data, the
required terms come from the probabilities conditional
on Φ+ which are straightforward
PΦ+ [j
±
C&k
±
D] = P[j
±
C&k
±
D|Φ+] (8a)
= Tr(PˆΦ+(Pˆj±C
⊗ Pˆk±D )). (8b)
Comparing Eqs. (7) and (8b), we see, entirely as ex-
pected, that the calculated QT data show that the state
at the R measurements for the pairs of preparations
i ∈ {Φ+} is indeed |Φ+〉.
We can follow the same procedure for the PA and PB
measurements for the same ensemble of runs i ∈ {Φ+}
PΦ+ [j
±
A&k
±
B ] = P[j
±
A&k
±
B |Φ+] =
P[j±A&k
±
B&Φ
+]
P[Φ+]
(9a)
=
Tr((Pˆj±A
⊗ Pˆk±B )(Iˆ/2⊗ Iˆ/2)(Pˆj±A ⊗ Pˆk±B )PˆΦ+)
Tr((Iˆ/2⊗ Iˆ/2)PˆΦ+)
(9b)
= Tr(PˆΦ+(Pˆj±A
⊗ Pˆk±B )). (9c)
The expression is simple because the source is unbiased
[15]. Comparing Eqs. (7) and (9c), we see the result is
exactly the same: the QT data for the ensemble can be
calculated from the state |Φ+〉. Consequently, the sub-
ensemble made up of the pairs i ∈ {Φ+} is in an en-
tangled state at both the stage of the R measurements
(Eq. (8b), after the entangling measurement and which
we call post-entanglement, and at the stage of the P mea-
surements (Eq. (9c), before the entangling measurement
which we call pre-entanglement. Post-entanglement is
what is currently called entanglement. Pre-entanglement
would show all the characteristics, like violation of the
Bell inequality, nonlocality and quantum steering, etc.
as post-entanglement.
The same pre-entanglement state |Φ+〉 results from a
calculation for the new procedure of direct measurement
of quantum states [16, 17] and for weak measurement to-
mography [18] applied to the present scenario. Further-
more, what we have called pre-entanglement is used as
a resource in measurement-device-independent quantum
key distribution [19–21].
The pre-entangled state |Φ+〉 of the sub-ensemble i ∈
{Φ+} contradicts the state given in Eq. (6) which, as
noted above, is a separable state. This means one or more
of the steps [1.] to [5.] in deriving Eq. (6) is wrong. Steps
[4.(a)] and [5.] are used elsewhere in quantum mechanics.
For example, constructing the state of a sub-ensemble
from probabilities conditioned on a future measurement
via QT is standard procedure in delayed-choice entangle-
ment swapping (D-CES) experiments [8–10]. Therefore
it must be the steps [1.] and [2.] (and applying them in
steps [3.] and [4.(b)]) which are in error. In other words
the error was due to assigning a state to a qubit accord-
ing to [1.] above in the first place, i.e. adopting the QSI
is not viable. Our argument can easily be generalised to
higher dimensional Hilbert spaces and so our most impor-
tant result is that quantum systems cannot be assigned
states.
Pre-entanglement as presently defined also occurs in D-
CES experiments [8–10]. In both cases, the initial states
of each member of a pair is in a maximally-mixed state
(a proper mixture according to the QSI for the present
case and an improper mixture for D-CES). The difference
is that in the present experiment but not D-CES (i) the
same pair of qubits is involved in the both the pre-and
post-entanglement, (ii) each member of a pair can be
prepared in a way chosen by the experimenter and (iii)
the choice of preparation can be made independently (e.g.
at space like separation). It is these differences which
allow us to reach the above conclusion.
The state of an ensemble or sub-ensemble is deter-
mined by the criteria used to select the ensemble. An
ensemble or sub-ensemble selected on the basis of the
preparation in the present case will be separable. The
sub-ensemble i ∈ {Φ+} selected from the full, maximally
mixed ensemble on the basis of the subsequent entangling
measurement outcome will be entangled. That the state
of a sub-ensemble depends on the selection criteria used
to form the sub-ensemble is familiar from the (improper)
ensembles involved in post-entanglement. For example,
if measurements of σˆi and σˆj are performed on one a pair
of entangled qubits, the other qubit can be selected into
four quite different sub-ensembles in the states |i±〉 and
|j±〉. Our result is that this procedure of ensemble se-
lection and consequent state assignment applies in other
contexts, such as the one considered in Fig. 1. Some other
interpretations of quantum mechanics [22, 23] which do
not assign states to individual quantum systems are also
consistent with the present result.
Our result impacts on the recent theorem of Pusey,
Barrett and Rudolph (PBR) [24]. In terms of the on-
tological model concept of Harrigan and Spekkens [25],
PBR assume that the preparation of a quantum state
|ψi〉 according to the QSI results in the quantum system
also acquiring an ontic state λ sampled from a proba-
4bility distribution µi(λ). A second assumption of prepa-
ration independence (PI) is that if two or more systems
are prepared independently, the ontic state distribution is
the product µ1(λ)µ2(λ) . . .. The important and surpris-
ing result [24] of those assumptions is that the supports
of the µi(λ) are disjoint. Consequently, µi(λ) uniquely
determines |ψi〉 and so |ψi〉 itself must be regarded as
ontic.
The PBR result requires an entangling measurement
and hinges on which of the prepared states lead to which
of the entangled outcomes. Our results conflict with two
of the PBR assumptions. Firstly, we claim that only sub-
ensembles have states, not individual quantum systems.
One could perhaps attempt to assign ontic states to en-
sembles but then the PBR reasoning would mean that the
probability distributions of the ensembles involved in the
theorem had disjoint support and therefore the ensemble
states should be regarded as ontic. Since the state of an
ensemble could not be regarded as ontic, the combina-
tion of (i) only ensembles have states and (ii) states are
ontic would mean that there are no ontological models
of quantum mechanics of the form proposed by Harrigan
and Spekkens [25].
However that consequence does not apply because our
results also call into question the assumption of PI re-
quired for the PBR theorem. The PBR protocol re-
quires n independent sources which can be randomly pre-
pared in either of the two non-orthogonal states |ψ0〉 and
|ψ1〉. To relate that to the present result, let indepen-
dent sources prepare maximally-mixed states by produc-
ing equal numbers of states in the basis (ψ0, ψ
⊥
0 ) or in
the basis (ψ1, ψ
⊥
1 ), where 〈ψ⊥i |ψi〉 = 0. As above, it is
possible to identify sub-ensembles that are in entangled
states by conditioning on the outcome of the entangling
measurement required for the PBR theorem. Therefore,
each of the n-tuple input states is a member of an entan-
gled sub-ensemble so PI could not apply to any n-tuple.
Nevertheless, the results required for the PBR theorem
could be obtained by simply eliminating the runs in which
ψ⊥0 or ψ
⊥
1 were involved. Eliminating half of the runs in
that way would not alter the fact that the remaining n-
tuples could have been in entangled sub-ensembles which
implies PI could not apply to them.
Note that the failure of PI occurring here for the pre-
entangled sub-ensembles is at the quantum level not just
the ontic level required for the PBR theorem. Since the
pre- and post-entanglement states are the same, the fail-
ure of PI must be at the non-signalling level. Emerson
[26] and Mansfield [27] have shown that non-classical cor-
relations at the non-signalling level are sufficient to pre-
vent the derivation of the PBR theorem. Unlike other
investigations of the failure of PI [26–28], preparation
dependence is here confined to systems which are subse-
quently entangled. If PI is not assumed [28] or is weak-
ened [26, 27], (admittedly contrived) models in which ψ is
not ontic are possible [26, 28]. Therefore some non-trivial
assumption is required [28, 29] if it is to be shown that
quantum states are ontic. Quite different assumptions
from those which lead to the PBR result are currently be-
ing actively explored (see Ref. 30 and references therein).
It will be interesting to investigate those different as-
sumptions in relation to the ESI and pre-entanglement.
Another interesting question is how pre-entanglement
comes about. It seems that the pairs of quantum sys-
tems have to anticipate in some sense that they are going
to be entangled in the future. The idea that measure-
ments can have retrospective (backwards-in-time) influ-
ences has been suggested in other contexts in quantum
mechanics. These include the nonlocal correlations be-
tween pairs in conventional (post-)entangled states (for a
discussion, see Ref. [31]) and as a quantum information
link [32–34] in quantum teleportation and other experi-
ments.
Our main result is that independently prepared quan-
tum systems can be in a (pre-)entangled state prior to
an entangling measurement performed on them. If indi-
vidual quantum systems possessed quantum states, their
independent preparation would mean they were in a sep-
arable state and therefore could not be in an entangled
state. This dilemma is avoided if quantum states are
assigned only to ensembles of quantum systems. Ensem-
bles selected in different ways can then have different
quantum states from which the probabilities of results
of experiments performed on the ensembles can be cal-
culated in the usual way. In particular, selecting the
ensemble on the basis of a subsequent entangling mea-
surement leads to a “pre-entangled” ensemble state. All
mixtures in quantum mechanics should be understood in
the same way as the reduced states of the constituents of
an entangled state are currently understood. That is, all
mixtures in quantum mechanics are improper.
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